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EONIKEX EZETAZEIZ 2013

AevTepx, 27 Maxiov 2013
" AYKEIOY KATEYOYNZHZ

MAOHMAT IKA

OEMA A

Al

A2,

A3.

A4.

‘Botw f i ovvexrgc ovvagmon oe éva dikomua [a, Bl. Av G elvor o
napdyovoa ¢ f oto [a, B], 1OTE va amodeiEete Ot

B
[f(t) dt = G(B)-G(w)

Movadeg 7
Na duatvniwoete 1o Oewonua Méong Tyurc tov Axdpogukcov Aoyiopov (©.M.T.)
Movadeg 4
[Tote Aéue 0L i ovvapTnon f elvat magaywylowun oe éva kAeloto dxoTnpa
[a, B] TOL Tedlov opLOHOV TNG;
Movadeg 4
Na yapaxtnpioete TIC TPoTATELS IOV avkoAovBovv, ypadovTac aTo
TETPAOLO 0aG OITAQ 0TO Ypapua IOV QvTIOTOLXEL o€ KaOe TTpOTAan T1)
Aéén Ewoto, av n mpotaon elvar cwotn, 1 AaBog, av n potaocn eivat
AavOaopévn.
o) H e&lowon |z-z|= 0, 0>0 magiotdvel Tov kUKAO pe kévTo to onpeio K(zo)
KaL aktiva 0% OTIOL Z, Zo Hryadkot aglopot.
B) Av lim f(x) <0, tote f(x) < 0 KOVTAX OTO X0

y) Ioxve ot nux| <|x yux k&Oe x eR

ovvx—1

0) IloxveLott Iinol 1

X

g) Muwx ovvexrc ovvaptnon f diatneel mpoonuo oe kabéva and ta dxotuata
ota oTola oL dLadoxkég pilleg e f xwollovv to Tedlo 0ELOUOV TNG.

Movadeg 10

AITANTHXH

Al
A2,
A3.
A4.

YeA. 334-335 (XxoA: BipAio)
YeA. 246 (Zx0A. BipAlo)
YaAj222 (XxoA. BiAio)
o) A
B) =
)
0) A
g) X

QOHZH
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©OEMA B

OewEOVHE TOLG HLYAdIKOVE AQLOKOVE Z Yl TOUS 0TOLOVG LoXVEL:

(z-2)(z-2)+1z-21=2

Bl. Na amodeifete OTL 0 YEWHUETOWKOS TOTOG TWV EIKOVWV TWV HLYadIKWV Z , elvat
KUKAOG pe kévtpo K(2,0) kat aktiva o =1
(novadeg 5)
It ovvéxeln, yix kdOe Hryadko z 7oL AVIKEL OTOV TTARATIAVQW YEWHETOLKO
TOT0, Var amodei&ete Ot |z <3
(novadeg 3)
Movadeg 8
B2. Av ot pryaducot aplOpol zi, z2 TOL AVI)KOUV OTOV MTAQATIAVW YEWUETOLKO TOTIO
elva oiCec g e&lowone wHpw+y=0, pe w pryadikd aglouo, B,yeR, kat
|Im (z,) - Im (z,)| =2
toTE Vo amodei&ete OTL
B=—-4xary=5
Movadeg 9
B3. Oewpovue TtOUG HIyadKoUG aQlOpovs ao, a1, o2 OL OTOOL AVIKOLV OTOV
YEWHETOKO TOTO TOL QTN aTOoc Bl. Av 0 pryadukdc aplOpog v ikavomoLel
axeon:
V3 + 0av? + oav + oo =0
voo amtodei&ete OtTL:
vl <4
Movadeg 8
ATTANTHZH
_ _ {|Z—2|2+|z—2|=2}
Bl. (z-2)(z-2)}+|z - 2| =2 (z-2)(z -2 )+ |z - 2| =22 =
|z-2|=w>0
w=1
WHw-2=0<141 © w=1|z-2|=1, 4ot 0 Y.T TWV EKOVWV TWV ULYADIKOV Z

W = —2,a700Q.

etvar koxkAog Ci kévroov K(2,0) kat axtivag o=1.

by ‘Eotw M(z) katn OK téuver tov Ci

ota onueta A,B loxvovv:
(OA)<(OM)<(0B)< (OK)—0<|7|<(OK)+o<
2-1<|2| 2+11< (7| <B.

M(2)

» Aoa, |7 <3.

° L
A K(2,0 B X

QOHZH
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B2.

B3.

2% T00TOg
‘Exovpe 1z-21=1, 6pwg | l1zI-1211<1z-21< 1 1z]-121 <] <
-1< 12121 < -142<1z1<3 & 1<1z1<3 doa 1213

AoV zi,zz 0ilec g W Bw+y=0, B,yeR eival z=z, kot and Vietta 1oxvovv
zi+z=—0 (1), ziz=y (2)

‘Exoupte axopn ot [Im(z,) - Im(z, )| =2<Im(z,) - (-Im(z,))| =2
2Im(z,)|=2<(Im(z, )| =1<Im(z1)=+1.

Exovpe N(z1)eCi & |z, —2|=1<|(Re(z,) - 2) + Im(z, )i| =1 (Re(z1)-2)2+(Im(z1)) <1<
(Re(z1)-2)*+(+1)>=1<>(Re(z1)-2)>=0<>Re(z1)=2.

Apa z1=2+ kat z2=2-1 1) Z1=2-1 KAl Z2=2+i.

H (1)o4=—B<p=—4

(2)=22+12=y<y=5

VHoeviHaiv+ae=0< —vi=oevHov+ae doa

V| 32‘0(2V2 +ov+a,

S‘a2v2‘ ot v]+ e, | <3[v|+3|v]+3,
qoa [v]?<3([v]2+|v|+1) |[v]*-1<3(|v|>+|v]+1)-1<

1

(V] =1)( [v]2+|v]+1)<3(|v|2+|v] +1)-1< |v]-1<B——5——
v|” +]v]+1

1

V| <4-————<
v|” +]v]+1

AAAog ToomoG:

Etvat v = —ouv? — oy — &, omtote [V =l o, v7 — o v — ot < fot |- [V oty - [v]+[ax, |

Emewdn), a2| <3, |a1|£ 3,

a0|s3,

toxVet [ou, |- V> +o | - [V +]or | <3+ [V*+3 [V 43, doax [V <3-[v[*+3-[v[+3 (1)
Av [V >4, tote W 24V, doa V) >3- + v

emtiong [V|* > 4-|v| = 3v* +|v[* 2 3] + 4V, doa [V’ > 3-]v* +3|v]+|v|
emedn, [V >4 woxvet 3| + 3V +|v] > 3]V + 3|+ 4

qoot V> >3-V +3v[+4 > 3-|v* +3v]+3,

omdTe ahov wyvet [V <3-|v]* +3]v|+ 3, avaykaia v<4

AAAoO¢ TOOTIOG:

V3 + a2v? 4+ oV + =0 (1)
Avv=0 101E Ao =0, atomo apa v£0
= a, o a
Hev+e+ L+ L=0=>v=-—-—~>—-—"T-
vV oV AR
QOHZH
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B T N PP S 5

|V| ‘ v VZ aZ _|V| +|V|2 + ( )

Emeidn, a2|£3, |a1|s3, |oc0|£3,

Eotw |v|24<:>isl. E[voui+iz+3 343,584 (3)
v T 4 V| V| 4 16 16

A6 (2),(3): |v|<4, atomo, doo [V < 4.

AAAog TooTOG:

Eivat vd + c2v? + cv + ao=0 < V3 =— a2v? — a1v — oo &

V3l =l-av?—aiv—ao IS -l V2] +lan I vl +] ao | <31v2 ] +31v] +3 doa
| v31=31v2| =3lvI| -3<0 O¢étw |vI=w=>0,

W-3w*-3w—-3<0

1] -3] -3 -3 | 4
4 4 4
1 1 1 1
(W4)(W*+w+1)+1<0 & (w—4)-(WHHw+1)<-1<0, A>0 doax w=1v1<4

OEMA T

Oewpove g ovvaptroels f,g :-R-R, pe f mapaywyloyn tétoteg wote:
o f(x)+x)(f" (x)+1)=x, yiakabe xeR
e £(0)=1xaL

2
* g(x) :x3+3%—1

I'l. Na amodei&ete ot

f(x)=vx*+1-x ,x eR

Movadeg 9
I'2. Na poeite to mAN00¢ Twv mEaypatikwy ollwv g e£lowong
f(g(x)=1
Movadeg 8
I'3. Na amnodeiete OTL VTTAQYEL TOVAXXLOTOV EVA Xo € (0, Ej TETOLO WOTE:
¢ T
If(t) dt = f(xO —Zj ePXo
Movadeg 8

ATTANTHZH
I''. Etvar(f(x)+x) (f'(x)+1)=x, x eR
Oétovpe: w(x)=f(x)+x, x eR

QOHZH
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I2.

I'3.

w (x)=f"(x)+1, x eR
Ioxvel, w(x)-w’(X)=x = 2w(x)-W’(x)=2x = (W2(x))'=(x?)", x eR
Apa, wi(x)=x*+c,x eR
w2(0) = ¢ = £2(0) = ¢ = |e=1]

Apa, w(x)=x>+1, x eR.

wA(x)=x2+ 1 # 0 yiax kd0Oe x €R, dpa w(x) # 0, x eR kat emedr] w(x)=f(x)+x ovvexng

oto R w Ba éxet otaBepo mpoonuo oto R.
w(0)=£(0)=1>0, ortote w(x) >0, x eR

Aga, w(X)=vx* +1, x eR = f(x)+x =vx*> +1 = f(x) =Vx* +1 - x, x eR

Toyvet X241 > x2 = VX2 +1>x% = x? +1 >|x|2x= Vx*+1-x>0 = f(x)>0, x eR
2x _1_x—\/x2+1_ —f(x)

24X +1 22+l WP+l

Apa f'(x)<0, x eR = fyv.pOivovoa oto R, omote nf etvar “1-1” oto R.

f: 1-1 2

Etvaif (g(x)) =1 <= £ (g(x)) =£(0) < g(x)=0 < x%% -1=0 & 2x3+ 3x2-2=0

Elvay, ' (x)=

Oétovpe: h(x)=2x3+3x2-2, x eR
h’(x)= 6x2+ 6x=6x(x+1)
h'(x)=0 < x=01 x=-1

X —o0 -1 0 +00

h (x) + O - +

< < \ v
A=(—o0,~1]

h(A)=( lirgo h(x), h(-1)]=(-,-1], aoa h(x)#0, yix k&Oe xe(—0,—1]

apa 1 h(x) dev éxetolla oo A.

B=[-1,0]

h(B)=[h(0), h(-1)]=[-2,-1], aga h(x)#0, yia k&Oe xe[-2,-1]

apa 1 h(x) dev éxeL piCa oto B.

I'=[0,+ o)

h(I")=[h(0), XILIEO h(x))=[-2, + ©), doa eme1dr) 10 0€[-2, +0) Oax vIEaE)eL x1€[0, +o0)

worte h(x1)=0, doa éxet povadwn olCa oto I'.
AQa, teAuca 1 h(x) €éxet povadkn olla oo R.

0
OewEOVHE TN OLVAQTNOT) W(X)= jf(t) dt - f(x —%) edx, éva xe [O, %}

4

H w etvat ovvexng oto [O, %}

QOHZH
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0
w(0)= [f(t)dt> 0, yioti f(t) > 0 o —%< 0

4
T T
w|— |=—f(0)-edp—=—£(0) <0
(5 )--t0re0 -0
w(0)-w (gj <0, doa amo ©. Bolzano vt EL TOVAGXLOTOV VA XoE (O, %) TETOLO

worte: w(xo) =0

OEMA A

‘Eotw f: (0, + =) 5R pax mapaywyloyn cuvaptnon ya v onolx .oxvovv:
o Hf etvar yvnoiwg av&ovoa oto (0, + =)

e f(1)=1
lim f(1+5h)—f(1-h) 0
h—0 h

OewEOovUE eTlOTC TN OLVAQETNOT)
g(X):I%dt, xe(1, +o) kata>1

Na amtodei&Eete OTL:
Al.  f' (1) =0 (novadeg 4), kaBwg emtong ot 1 f mapovoilet eA&)XLOTO 0TO X0= 1.
(Hovadeg 2).
Movadeg 6
A2. 1 g elvar yvnolwg avfovoa (Hovadeg 3), kol OTr OvVEXEWR, va AVoete TNV
aviowon oto R

8x>+6 2x*+6
jg(u)du > Ig(u)du

8x*+5 2x*+5

Movadeg 9
A3. 1 g etvar kv, kabwg emiong 0tLn eélowon
(a=1)f %dt = (f(a)-1)(x=a), x>1
ExeLaxoPws px Avor).

Movadeg 10

ATTANTHZH

Al. H f etvar mapaywytowopn oto (0, +o0) a&oa kKal 0T0 Xo=1 o0moTE

limw =f'(1) emewr] f(1)=1 Oa éxovpe limw =f'(1) Ioyxvet
h—0 h h—0 h

m f(1+5h)—f(1-h) _0 doat

h—0 h

QOHZH
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A2.

A3.

i f0+5h) 1+ 1-f(1-h)

=0 doa
h—0 h
lim[f(l+5h)—1 _f1-h) —1} :Oo’cQalim[S f(1+5h)-1 N f(1-h) —1} 0
h—0 h h h—0 5h —h
— 7] u=5h —
oot TRNLCR I i S PN (Gl ek PP A6y (M) o
h—0 5h h—0 u—0 u

u—0
g f=h) Tz (14 u) -1
u

h—0 = h—0 h—0
u—0

< 6f'(1)=0 < £'(1)=0.

Emeidn ' etvatr yvrjowx av&ovoa yia x<1 Oa etva f'(x)<f’'(1) onAadn) £'(x)<0 doa n £
etvat yvrowx ¢pOitvovoa oto (—x, 1] kat yix x>1 0a etvar '(x)>t'(1) dnAadn f'(x)>0
apa 1 f etvat yvriowx av&ovoa oo [1, +0). Ondte 010 Xo=1 1 f Taagovotlet 0Akod

=f'(1) Aoyw (1) doax amo (2) éxovpe 5 (1)+f'(1)=0

eAdxloto oto f(1)=1.

Elvatu g(x):j%dt, x€(1, +o) kat o>1 Kot eTeldn) f(tt)—_l elvat ovvexng oto (1,

f(x)-1
x—1

+o0) elvar mapaywylown xe(1, +owo) pe g'(x)= Kot emedn ano (A1) f(x)>1

kot x>1 etvat g'(x)>0, xe(1, +o0) doa g yvrjowx avovoa oto (1, +o).

8x%+6 2x*+6
OéAovue J-g(u)du> J-g(u)du
8x%+5 2x*+5

x+1

Oewovpe P(X)= J-g(t)dt, x>1.

x+1 X x+1

b)=[g()dt+ [gt)dt =—[g(t)dt+ [g(t)dt

O’ (X)=—g(x)+g(x+1)=g(x+1)-g(x)>0 yiati x+1>x xat g etvat yvrowx avéovoa. Apa 1
¢ etvar yvriowx av&ovoa ya x>1 ka n doopévn aviowon yoadetot
G(8X2+5)>P(2x* +5)

KaL emedn) ¢ etvatl yvrowx av&ovoa Oa £xovpe lwodvvapa 8x*+5>2x4+5&
8x2> 2x* &> 8x2-2x>0 & 2x%(4—x2)>0 kat emetdn) x2>0 éxovpe 4—x3>0 < x2<4 < x1<2
& —2<x<2 exkT6¢ amo x=0 Tov wxveL N LTOTNTA.

f(x)-1 , L , . ;
——— amo (A1) xkat emedn elvar mMNAKo mapaywylowy eltvat
FEIx =D —(f() -1)

(x-1)°
H f oto [1, x] pe x>1 etvar maparywyton aoa cvpuPwva Ue o
O.M.T. £€(1, xX) wote f’(é):f(x)—_i(l)@ (x=Df' (&)=f(x)-1 omote
FOIx =1 -(x=DF () _ {'(x)=f'(E)

(x—1)° - x-1
t" yv. av&ovoa t'(£)<t'(x) doa f'(x)—f'(£)>0 omote g”(x)>0 yix x>1 ov onuatvel ot
n g etvat kvt oto (1, +owo).

Etvatr g'(x)=

TAQAYWYLOUN pe g (x)=

eTEdN) E<X KL

g’ (x) =

QOHZH
8
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H s&icwon éxet moodavr) olla v x=a kat N eflowon yoddetat wodvvaua,
f(t) 1 f(cx) 1

adpov a>1 I dt=

(=) M g()=g' () (x~e) (1)

H ecl)omfcopsvn ™Ge yQac])LKng napdotaons e g oto (a, g(a)) N (a, 0) elvon
P—g(a)=g"(c0)-(x—cx) N} Y= g'(a)-(x—ax) xat emedn) etvar kvt N g tax onuetar g Cg
Oa elvat 0OAa avw amo ) Cg ektdc TOL oNueiov emadns doa g(x)> g’'(a)-(x—ox)
omtote N (1) €xeL povadkn pilla x=a.

AEIOAOT'HXH

Ta onuegva Bépata xapaktnolCovral amalTnTikd aKOUA Y TOUG TOAD
KA TIQOETOUATUEVOUS HaONTEC. LUyKeEKQLEVA O PaOpOg dLoKOALXG TOV
Ocpuatog B3 Eemepvaer 1o PBabpo dvokoAiag OAwv Twv vTTOAOLTIWV
EQWTNHATWV.

Ta vmoAoma Oépata yix va aviipetwniofovv TANEWS  amattovy
AVENHEVT] KOLTLKT) Kl CLVOETIKT] LKAVOTITA Ao TOLS LTTOYNPLlovg.

Kata ovveémewn, xpotvovpe ot Oa pewwbdel onuavtikd 10 mOoCooTd TV

aQloTWV.

QOHZH



